We present a comprehensive analysis of the muon magnetic moment a µ in the flavour-aligned two-Higgs doublet model (2HDM) and parameter constraints relevant for a µ . We employ a recent full twoloop computation of a µ and take into account experimental constraints from Higgs and flavour physics on the parameter space. Large a µ is possible for light pseudoscalar Higgs A with large Yukawa couplings to leptons, and it can be further increased by large A coupling to top quarks. We investigate in detail the maximum possible Yukawa couplings to leptons and quarks of a light A, finding values of around 50 . . . 100 (leptons) and O(0.5) (quarks). As a result we find that an overall maximum of a µ in the 2HDM of more than 45 × 10 −10 is possible in a very small parameter region around M A = 20 GeV. The parameter regions in which the currently observed deviation can be explained are characterized.
Introduction
For more than a decade the measured value [1] of the anomalous magnetic moment of the muon a µ = (g − 2) µ /2 has shown a persisting deviation from the current SM prediction (for recent developments see Refs. [2] [3] [4] [5] (QED and electroweak corrections), [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] (QCD corrections)). Using the evaluation of the indicated references, the current deviation is (1)
a µ provides a tantalizing hint for new physics. The hint might be strongly sharpened by a new generation of a µ measurements at Fermilab and J-PARC [20, 21] . Hence it is of high interest to identify new physics models which are able to explain the current deviation, or a future larger or smaller deviation.
Recently it has been repeatedly stressed that the 2HDM is such a model. This is a non-trivial observation since the leading 2HDM contributions to a µ arise only at the two-loop level and small Higgs masses are needed to compensate the two-loop suppression. Specifically, Refs. [22] [23] [24] [25] [26] [27] have studied the so-called type X (or lepton-specific) model, Refs. [28] [29] [30] the more general (flavour-)aligned model [31, 32] . In all these cases it was shown that a light pseudoscalar A boson with large couplings to leptons is viable and could explain Eq. (1) or at least most of it. Ref. [28] has also found an additional small parameter region with very light scalar H; furthermore, Ref. [33] has studied a Z 4 -symmetric, "muon-specific" model which can explain Eq. (1) for tan β ∼ 1000.
At the same time, the accuracy of the a µ prediction in the 2HDM has increased. Ref. [30] has computed the 2HDM contributions fully at the two-loop level, including all bosonic contributions (from Feynman diagrams without closed fermion loop). Prior to that, Ref. [29] had computed all contributions of the Barr-Zee type [34] . As a result of these calculations, the 2HDM theory uncertainty is fully under control and significantly below the theory uncertainty of the SM prediction and the resolution of the future a µ measurements.
Here we employ the full two-loop prediction to carry out a detailed phenomenological study of a µ in the general flavour-aligned 2HDM and of the parameters relevant for a µ . In detail, the questions we consider are
• What are the constraints on the 2HDM parameters most relevant for a µ (the mass of the A boson and its Yukawa couplings to leptons and quarks, and further 2HDM masses and Higgs potential parameters)?
• In which parameter region can the 2HDM accommodate the current deviation in a µ (or a future, possibly larger or smaller deviation)?
• What is the overall maximum possible value of a µ that can be obtained in the 2HDM (for various choices of restrictions on the Yukawa couplings)?
We will generally focus on the promising scenario with M A < M h and allow for general flavour-aligned Yukawa couplings but will comment also on the more restrictive case of the lepton-specific type X model. We will take into account constraints from theoretical considerations such as tree-level unitarity and perturbativity, experimental constraints from collider data from LHC and LEP, and constraints from B-and τ -physics.
The outline of the paper is as follows. In section 2, we describe our setup and give details on the definition of the 2HDM. Section 3 then discusses the detailed constraints on the parameters most relevant for a µ in the 2HDM: on the Higgs masses, on the Yukawa couplings, and on Higgs potential parameters and Higgs self couplings. Section 4 gives an updated discussion of the full bosonic two-loop contributions, taking into account detailed constraints on the parameters. Section 5 finally gives the results on a µ in the 2HDM. The results are presented both as contour plots in parameter planes, and as plots showing the maximum possible values of a µ in the 2HDM.
Setup
In this section we provide the basic relations for the two-Higgs doublet model (2HDM) and describe our technical setup.
Definition of the 2HDM
We use the 2HDM with general Higgs potential in the notation of Ref. [35, 36] , In the usual type I, II, X, Y models a Z 2 symmetry is assumed which enforces the two parameters λ 6 and λ 7 to vanish. In the following we will investigate both the case with λ 6 = λ 7 = 0 and the case with non-vanishing λ 6 , λ 7 . Since we focus on the muon magnetic moment, which is not enhanced by CP violation, we assume all parameters to be real 1 . In the minimum of the potential the two Higgs doublets acquire the vacuum expectation values (VEVs) v 1,2 with the ratio tan β = v 2 /v 1 . It is then instructive to rotate the doublets by the angle β to the so-called Higgs basis [35] , in which one doublet has the full SM-like VEV v = v 2 1 + v 2 2 and the other doublet has zero VEV. The second doublet then contains the physical CP-odd Higgs A and the charged Higgs H ± , and the physical CP-even Higgs fields h, H correspond to mixtures between the two doublets in the Higgs basis with mixing angle (α − β). In practice we will choose the following set of independent input parameters:
where c βα ≡ cos(β − α) and similar for s βα . We will further choose h to be the approximately SM-like Higgs state, which means that the mass M h is fixed to the observed value of 125 GeV and that the mixing angle c βα is small. It should be noted that all parameters in this list enter the prediction of the muon g − 2 only at the two-loop level and hence do not have to be renormalized.
For the Yukawa couplings we choose the setup of the (flavour-)aligned 2HDM of Ref. [31] . In this setup one assumes the following structure of the Yukawa couplings in the Higgs basis: the SM-like doublet has SM-like Yukawa couplings by construction; the other doublet has couplings proportional to the SM-like ones, with proportionality factors ζ l (for charged leptons), ζ u,d (for up-and down-type quarks). For the mass-eigenstate Higgs bosons this implies the following Yukawa Lagrangian:
where
(1 ± γ 5 ), and V CKM is the Cabibbo-Kobayashi-Maskawa matrix. M f denotes the diagonal 3 × 3 mass matrices. The Yukawa coupling 1 See footnote 5 in Section 6. matrices are defined as
The flavour-aligned 2HDM contains the usual type I, II, X, Y models as special cases, see table 1. Most notably, in type II, the product |ζ u ζ d | = cot β tan β = 1 is never small, implying very strong constraints from b → sγ for all values of tan β [37] . And in type X, ζ l = − tan β and ζ u = ζ d = cot β cannot be simultaneously large.
As shown in Refs. [32, 38] the flavour-aligned scenario is minimal flavour violating and even though the alignment is not strictly protected by a symmetry, it is numerically rather stable under renormalization-group running. Hence we regard it as a theoretically and phenomenologically well motivated and very general scenario.
Technical remarks
In order to check the viability of parameter points against experimental and theoretical constraints, we have adopted the routines implemented in the 2HDMC code [39] , which allows checks regarding theoretical constraints such as stability, unitarity, and perturbativity of the quartic couplings; the S, T, U precision electroweak parameters; and data from colliders implemented in the HiggsBounds and HiggsSignals packages [40, 41] .
For our later scans of parameter space we started with a wide range of all Higgs potential parameters in Eq. (3) and the Yukawa parameters ζ l,u,d . This range was narrowed down to
after checking that this covers the parameter space with the largest possible contributions to all quantities of interest. Unless specified differently, these are the parameter ranges used in our scatter plots. In the plots evaluating a µ , in addition we set ζ d = 0 to be specific, because this parameter has a very small influence on a µ . Regarding statistics, we have adopted the following procedure: first we constructed a χ 2 distribution for the physical process under consideration, and then computed its respective p-value distribution, assuming that the errors are gaussian and robust as usual [42] . Finally, we required that the pvalue for the considered observable (or set of observables) is greater than 0.05 (corresponding to a 95% CL region). For the constraints to be discussed in Sec.3.2, this approach is slightly different from the one implemented in Ref. [23] , but we checked that the resulting exclusion contours are very similar.
Constraints
In this section we provide a detailed investigation of experimental constraints on the 2HDM parameter space with general flavour-aligned Yukawa couplings. Earlier studies [22] [23] [24] [25] [26] [27] [28] [29] [30] and our later considerations show that a µ can be promisingly large for small M A and large ζ l and ζ u , so we focus on this scenario. Our study can be regarded as a generalization of Refs. [22, 23, 25] , which focused on the lepton-specific (type X) case, where ζ u = −1/ζ l = 1/ tan β, and as complementary to Ref. [28] , which focused on correlations in scans of parameter space. Our questions are: what are the maximum values of ζ l and ζ u and other relevant parameters, and how do these maximum values depend on the value of the small Higgs mass M A or the heavy Higgs masses?
We will begin with the most direct and basic constraints on the scenario with small M A from collider physics, then focus on maximum possible values of ζ l and ζ u and correlated parameters.
3.1 Basic collider constraints on small M A and on mixing angle cos(β − α)
The scenario with light CP-odd Higgs boson A is obviously strongly constrained by collider physics. The most immediate constraints arise from negative results of direct A searches. On the one hand these results imply upper limits of the couplings between the A and W and Z bosons and thus on the mixing angle c βα . However, below we will find much more severe limits on c βα , which are specific to our scenario with large ζ l , so we will discuss only those in detail. On the other hand the negative searches for A imply upper limits on ζ u in a restricted range of A masses; we will discuss these in subsection 3.3.
In the remainder of this subsection we will discuss more interesting collider constraints on our scenario, which arise from measurements of the decays of the observed SM-like Higgs boson at the LHC. First, the LHC measurements of/searches for SM-like Higgs decays into τ pairs or muon pairs imply limits on the coupling of the SM-like Higgs boson to τ -leptons and muons. Expressed in terms of signal strengths, the recent Refs. [43, 44] obtain µ τ = 1.09
implying that the effective coupling of the SM-like Higgs to leptons Y h l in Eq. (6) cannot deviate strongly from unity and thus,
The approximate form of this relation is sufficient for our purposes. The important points are that (i) for a given, large ζ l , the mixing angle c βα is strongly constrained particularly by the τ -coupling to be at most of the order of a percent, and (ii) the product c βα ζ l cannot constitute an enhancement factor.
A second important implication of the SM-like Higgs decay measurements comes from the decay mode h → AA, which is possible if M A < M h /2. A significant branching fraction for this decay is excluded by the agreement of the observed Higgs decays with the SM predictions. This implies strong constraints on the corresponding triple Higgs coupling C hAA , given explicitly in Eq. (20) in the Appendix. It is therefore illuminating to analyze analytically the conditions for vanishing coupling C hAA . We have to distinguish two cases:
• M A < M h /2 and large tan β: In this limit, the requirement C hAA = 0 reduces to
For the type X model, where tan β = −ζ l , this and Eq. (5) implies Y h l ≈ −1, the so-called wrong-sign muon Yukawa coupling, discussed recently in Ref. [27] . In the general case, this relation, together with the limit on c βα from Eq. (10), implies a lower limit on tan β, which is of the form tan β |ζ l |. This parameter region does not lead to distinctive phenomenology; we will not discuss it further.
• M A < M h /2 and small tan β: In this case, one can solve the requirement C hAA = 0 for λ 1 . The exact solution can be read off from Eq. (20) . We provide the solution here for c βα = 0,
We checked that even if we allow C hAA = 0, no significant deviations from relations (11) or (12) are experimentally allowed if M A < M h /2. Hence we will always impose these relations exactly and fix either c βα or λ 1 in terms of these relations if
Constraints on the lepton Yukawa coupling ζ l
Next we present the upper limits on |ζ l |, the lepton Yukawa coupling parameter in the flavour-aligned 2HDM. This parameter governs in particular the couplings Y A l of A to τ -leptons or muons. After earlier similar studies in Ref. [25] , precise limits on ζ l have been obtained in Ref. [23] for the case of the type X model, where ζ l = − tan β. We have repeated the analysis for the case of the flavour-aligned model, finding essentially the same upper limit on |ζ l | as Ref. [23] finds on tan β (except at small M A due to additional collider constraints, see below).
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The upper limits on |ζ l | arise on the one hand from experimental constraints on the τ -decay mode τ → µν τνµ versus other decay modes and on leptonic Z-boson decays. 2HDM diagrams contributing to these decays involve tree-level or loop exchange of A or H ± . They are enhanced by ζ l and lead to disagreement with observations if |ζ l | is too large. We computed the τ -and Z-boson decays and the ∆χ 2 corresponding to the deviation from experiment as described in Ref. [23] and sec. 2.2.
On the other hand, further constraints on ζ l arise from collider data. In particular, for small M A (5 < M A < 20 GeV) the upper bound of |ζ l | is dominated by the LEP process ee → τ τ (A) → τ τ (τ τ ) which was probed by the DELPHI collaboration [45] . In this decay, the electron positron pair annihilates into a Z-boson which further generates a pair of τ -leptons. From one of those, a short-lived A boson is created in resonance, producing finally 
Constraints on the up-type Yukawa coupling ζ u
In this subsection we present the upper limits on ζ u , the parameter for uptype quark Yukawa couplings. This is a central part of our analysis, showing characteristic differences between the case of the type X model and the general flavour-aligned model. In what follows, we will focus on negative ζ l (like in the type X model where ζ l = − tan β) and positive ζ u , which leads to larger contributions to a µ .
In type II or type X models ζ u is always small for large lepton Yukawa cou- pling, because ζ u = −1/ζ l = 1/ tan β. However, if general Yukawa couplings are allowed, ζ u can be larger. The maximum possible value is interesting not only for g − 2 but also in view of future LHC searches for a low-mass A.
We find that ζ u , in the scenario of M A < M h and large ζ l , is constrained in a complementary way by B-physics on the one hand, and by LHC-data on the other hand.
Beginning with B-physics, the most constraining observables for this scenario are b → sγ and B s → µ + µ − . The sample diagrams shown in Fig. 2 illustrate that the 2HDM predictions depend on combinations of all Yukawa parameters ζ l , ζ u , ζ d and on the Higgs masses M A and M H ± . We have implemented the analytical results for the predictions presented in Refs. [46, 47] (Ref. [47] has also considered further observables, which however do not constrain the parameter space further; see also Ref. [48] for improvements on the precision of B-physics observables).
To illustrate the interplay between the observables we show first Both observables on their own would allow values of ζ u 1, by finetuning ζ d and ζ u . However, the combination of both observables implies an upper limit on ζ u , which in this case is ζ u < 0.5.
4
By performing a similar analysis repeatedly, we obtain maximum values of ζ u as function of M A , M H ± and ζ l . The result will be shown below in the plots of Fig. 4 as continuous lines. Each solid line corresponds to the maximum allowed value (by B-physics) of ζ u , as a function of M A and for fixed values of M H ± and ζ l . The dependence on M A , M H ± and ζ l is mild. Generally, the upper limit on ζ u is between 0.3 and 0.6.
Turning to LHC-Higgs physics, the dashed lines in the plots of Fig. 4 show the maximum ζ u allowed by LHC collider constraints. These constraints on ζ u arise from several processes and measurements:
. In our scenario A decays essentially to 100% into τ τ . Hence the measurement constrains the production rate of A, which proceeds via top-quark loop and gluon fusion and is thus governed by ζ u . Hence this measurement provides an essentially universal upper limit of approximately ζ u < 0.2 which becomes valid above M A > 100 GeV.
• pp → H → τ τ [49] if H → AA is kinematically forbidden. Similar to the previous case, H is produced in gluon fusion via a top-loop, so its production rate is governed by ζ u ; it decays essentially always into a τ -pair. Hence, again, this measurement places an essentially universal upper limit on ζ u , valid if M A > M H /2. In the plots, this limit can be seen for M H = 150 GeV and M A > 75 GeV.
•
if H → AA is kinematically allowed. This case is relevant in the largest region of parameter space, including the regions with the peak structures in which the collider limits become rather weak and ζ l -dependent. The scalar Higgs H is produced in gluon fusion via a top-loop, so its production rate is governed by ζ u ; its two most important decay modes are H → AA and H → τ τ . Hence, the signal strength for the full process depends not only on ζ u but also on the triple Higgs coupling C HAA , which is strongly correlated with C HH + H − given in Eq. (18) . The signal strength can be suppressed by small ζ u (which suppresses the production) or by large C HH + H − (which suppresses the decay to τ τ ).
Hence we show the allowed ranges of ζ u and the triple Higgs coupling C HH + H − in Fig. 5 , for the representative values M A = 50/80 GeV,
The colours indicate the successive application of constraints from the electroweak S, T, U parameters, HiggsBounds, HiggsSignals, and tree-level stability, unitarity and perturbativity (as implemented in 2HDMC [39] ). The border of the yellow region shows clearly the correlation between the two couplings mentioned above, needed to evade the constraints from pp → H → τ τ searches. The larger the triple Higgs coupling, the larger ζ u can be. However, perturbativity restricts the triple Higgs coupling, and this restriction depends on whether M A < M h /2 holds or not. If M A < M h /2, the relation (12) following from setting to zero Eq. (20) has to be used, and the maximum triple Higgs coupling and thus the maximum ζ u is smaller.
As a result of this combination of constraints, the LHC-Higgs limits on ζ u are rather loose for M A between M h /2 and around M Z (explaining the peaks in Fig. 4) , and stronger for lower M A . The precise value of the limits depends on ζ l , which also influences the branching ratio H → τ τ .
• We also mention the analysis of Ref. [27] , where LHC-constraints on the type X model have been studied; since ζ u is negligible in the type X model, those constraints are weaker than the ones we consider here, and they do not limit ζ u . Still, that analysis shows that data from multiHiggs production followed by decays into multi-τ final states leads to interesting (mild) constraints on heavy M H , M H ± .
4 Bosonic contributions to a µ and relevant parameter constraints
As discussed in the previous section, the 2HDM parameter region of interest for a µ is characterized by large Yukawa coupling parameter ζ l and small [30] depend on a large number of additional parameters: the physical Higgs masses M H , M H ± , the mixing angle c βα , tan β, and the Higgs potential parameters λ 1 and λ 6, 7 . In the present section we provide an overview of the influence of these parameters, constraints on their values, and update the analysis of Ref. [30] given those constraints. As a result we derive the maximum possible values of the bosonic two-loop contributions to a µ .
The bosonic two-loop contributions can be split into three parts [30] ,
where a We begin with a discussion of a EW add. µ , which is approximately given by a EW add. µ = 2.3 × 10 −11 c βα ζ l . As discussed in section 3.1, the product c βα ζ l is restricted by Higgs signal strength measurements to be smaller than unity.
Hence this product can never be an enhancement factor. Specifically, as a result we obtain the conservative limit
such that these contributions are negligible.
Next we consider a non-Yuk µ , the contribution from diagrams in which the extra 2HDM Higgs bosons couple only to SM gauge bosons and not to fermions. Similar to the quantity ∆ρ, this contribution is enhanced by large mass splittings |M H − M H ± | between the heavy Higgs bosons. Conversely, constraints on ∆ρ restrict this mass splitting [22, 50] 14). Finally we turn to a Yuk µ , the potentially largest bosonic two-loop contribution. Ref. [30] has decomposed this contribution into several further subcontributions depending on the appearance of triple Higgs couplings, the mixing angle c βα and the Yukawa parameter ζ l . Among these parameters, the product c βα ζ l is restricted as discussed above; furthermore, the triple Hence the overall bosonic two-loop contributions are essentially proportional to the value of the coupling C HH + H − . Likewise, all the parameters tan β, λ 1,6,7 enter the prediction for a µ essentially via this coupling. This proportionality is shown in Fig. 6a , which displays the ratio ρ, defined via Hence we mainly need to discuss the behaviour of the coupling C HH + H − . We need to distinguish two cases:
• 2HDM type I, II, X, Y: here tan β and the Yukawa parameters are correlated. Specifically in the most interesting case of the type X model, tan β = −ζ l and is therefore large. As a result, the triple Higgs coupling is suppressed, and the overall bosonic contribution a B µ is negligible.
• General aligned 2HDM: in this case tan β is independent of ζ l , and the triple Higgs coupling C HH + H − can be largest if tan β = O(1).
Focusing now on the second case of the aligned 2HDM, the range of possible values of C HH + H − can already be seen in Fig. 5 for particular choices of
There, large C HH + H − was important to suppress the branching ratio of H → τ τ and allow large values for ζ u . For M A = 80 GeV all parameters λ 1,6,7 and tan β have been varied in the full range of Eq. (7), and the maximum allowed triple Higgs coupling is around 1000 GeV. For M A = 50 GeV, on the other hand, λ 1 is fixed as explained in sec. 3.1 to suppress the decay h → AA. Hence the maximum triple Higgs coupling is smaller, in this case around 400 GeV.
The results generalize to other values of M A . The maximum triple Higgs coupling essentially only depends on whether M A is smaller or larger than M h /2. In the latter case, the triple Higgs coupling reaches around 1000 GeV, in the former case only around 400 . . . 600 GeV, depending on the heavy Higgs masses M H , M H ± . Figure 6b shows the range of possible bosonic contributions a B µ as a function of M A for various values of M H = M H ± . The result is fully understood with the proportionality (15) and the maximum values for C HH + H − just discussed. We display the result only for a particular value of ζ l but we have checked that the results are exactly linear in ζ l as expected. We have also checked that the maximum results do not change significantly if the heavy Higgs masses are varied independently, M H = M H ± , or if λ 6,7 are set to zero.
As a result of the analysis of the individual contributions to a 
(a) ζ l =-60 
Muon g − 2 in the 2HDM
In this section we use the previous results on limits on relevant parameters to discuss in detail the possible values of a µ in the 2HDM, answering the two questions raised in the introduction. Subsection 5.1 discusses a µ as a function of the relevant parameters and characterizes parameter regions giving particular values for a µ ; subsection 5.2 provides the maximum a µ that can be obtained in the 2HDM overall or for certain parameter values.
Before entering details, we provide here useful approximation formulas for a µ in the 2HDM, which provide the correct qualitative behaviour in the parameter region of interest with small M A and large lepton Yukawa coupling ζ l . The one-loop contributions a 2HDM,1 µ are dominated by diagrams with A exchange; the fermionic two-loop contributions a 
The sign of the τ -loop contribution is positive in our parameter region; the one-loop contributions are negative but are subdominant except at very small M A . The top-loop contribution is positive if ζ u has a sign opposite to ζ l , which is why we choose ζ l < 0 and focus on ζ u > 0. a For the exact results we refer to the literature. The full two-loop result has been obtained and documented in Ref. [30] ; the full set of Barr-Zee diagrams has been obtained in Ref. [29] ; for earlier results we refer to the references therein. In our numerical evaluation we use the results of Ref. [30] . Here we discuss the question raised in the introduction: In which parameter region can the 2HDM accommodate the current deviation in a µ (or a future, possibly larger or smaller deviation)?
We begin by listing several remarks which can be obtained from the results of the previous sections.
• All important contributions to a µ are proportional to the lepton Yukawa coupling parameter ζ l or ζ 2 l (where e.g. in the type X model ζ l = − tan β). Hence ζ l must be much larger than unity in order to obtain significant a µ . From section 3.3 we then obtain that the quark Yukawa parameters ζ u , ζ d can be at most of order unity.
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This implies that the bottom loop contribution is negligible, and that the type X model is the only of the usual four discrete symmetry models with significant a µ (see also Ref. [22] ).
• The single most important contribution to a µ is the one from the τ -loop, see Eq. (17) . It depends on ζ l and M A . In the general flavour-aligned model, the top-loop contribution can also be significant provided ζ u is close to its maximum value of order unity.
• The masses of the heavy Higgs bosons H and H ± are relatively unimportant for a µ . However, they are important for the limits on the possible values of ζ l and ζ u . If these Higgs bosons have masses around 250 GeV the largest |ζ l | up to 100 are allowed in most of the parameter space. For even higher masses the limits on |ζ l | become slightly stronger and the limits on ζ u saturate thanks to Z-decay and LHC search limits.
• The mass splitting between M H and M H ± is unimportant. It is strongly restricted by limits from electroweak precision observables [22, 50] and we have checked that its remaining influence on the limits on ζ l , ζ u and on the bosonic contributions a B µ is negligible. Hence we set M H = M H ± in all our numerical examples.
• The Higgs mixing angle c βα is unimportant for a µ . For our scenario of interest it is mostly limited by LHC measurements of Higgs couplings to leptons, which restrict |c βα ζ l | to be smaller than order one. Hence all contributions to a µ depending on c βα are strongly suppressed.
• The parameters λ 1,6,7 and tan β from the Higgs potential appear in a µ essentially only via the triple Higgs coupling C HH + H − , which in turn is maximized for tan β = O(1). In the type X model with large tan β = −ζ l this strongly suppresses the bosonic contributions a B µ ; in the more general aligned model, the bosonic diagrams behave as given in Eq. (17d).
In the plots of this subsection we do not include the bosonic contributions a B µ because their parameter dependence is clear from this discussion, because their sign can be positive or negative, and because their numerical impact is small. Figures 7 and 8 show a µ as a function of the most important parameters M A , ζ l and ζ u and the heavy Higgs masses M H , M H ± . Fig. 7 focuses on the two most important parameters M A and the lepton Yukawa coupling ζ l . It shows a µ (including one-loop and fermionic two-loop contributions) as a function of M A and ζ l . The top-Yukawa parameter ζ u is fixed to ζ u = 0; hence only the τ -loop and the one-loop contributions are significant. The result also corresponds to the type X model, in which ζ u is negligible. We further fix M H = M H ± = 150, 250 GeV and show only parameter points allowed by the constraints of sec. 3.2. The results for a µ are not very sensitive to the choice of M H , M H ± , but for M H = M H ± = 250 GeV the allowed parameter space is largest.
Even at the border of the allowed region, a contribution as large as the deviation (1) can barely be obtained (see also the discussions in Refs. [23, 25] The impact of the top-loop for ζ u = 0 can be seen in Fig. 8 . It shows a µ (including one-loop and fermionic two-loop contributions) as a function of M A and ζ u . In the plot, ζ l is fixed to exemplary values ζ l = −20, −40, −60. Because of the sum of τ -and top-loops the dependence on ζ l is non-linear, and the relative importance of the top-loop and thus of the parameter ζ u is higher for smaller ζ l .
We display a µ for all points which pass the collider constraints discussed in sec. 3.3, and we display the constraints from B-physics on the maximum ζ u as a line in the plots. In Fig. 8 we do not show all choices of the heavy Higgs masses M H , M H ± but fix M H = M H ± = 300 GeV. Like in the previous figure, the values of a µ would be essentially independent of the heavy Higgs masses; the behaviour of the collider and B-physics constraints can be obtained from 
Maximum possible a µ in the 2HDM
Now we discuss the question: What is the overall maximum possible value of a µ that can be obtained in the 2HDM? Fig. 9 and 10 show the maximum possible a µ in the 2HDM, first for fixed choices of the lepton Yukawa coupling ζ l = −20, −40, −60, then overall. For values of M A lower than at the peaks in Fig. 9 , the maximum a µ values drop sharply (the drop is at lower M A if ζ l is smaller). The reason is that for each ζ l there is a minimum allowed value of M A mainly because of the collider limits discussed in sec. 3.2. Even if lower values of M A were allowed, a µ would be suppressed by the negative one-loop contribution.
For higher values of M A , a µ is suppressed by M A . As can be estimated from the approximation (17), the suppression is weaker than 1/M 2 A . Further the suppression is modulated by the maximum possible value of ζ u . In particular, above M A > M h /2, higher values of ζ u are allowed, and the maximum a µ drops more slowly with M A .
In summary, the deviation (1) The plots display not only the final total result for a µ including all oneand two-loop contributions. They also display the results of the τ -loop (plus one-loop) contribution alone, and the results including the top-loop but excluding the bosonic two-loop contributions. In this way the plots allow to read off the results corresponding to the 2HDM type X, and to read off the influence of the bosonic two-loop corrections.
Starting the discussion with the type X model result (blue), the plots confirm that the type X model can barely explain the current deviation ( For each value of M A , the maximum value of |ζ l | is determined as in sec. 3.2; then the maximum ζ u is obtained from the results of sec. 3.3. The result without top-loop and bosonic contributions (which would correspond to the maximum in the type X model) is shown in blue; the result without bosonic two-loop contributions in red; the total maximum result, including the maximum bosonic contributions in black. The yellow band indicates the current a µ deviation, defined by taking the envelope of the 1σ bands given by Eq. (1). 27 
Summary and conclusions
The 2HDM is a potential source of significant contributions to the anomalous magnetic moment of the muon a µ , and it could explain the current deviation (1). Here we have provided a comprehensive analysis of the relevant parameter space and of possible flavour-aligned 2HDM contributions to a µ . Our analysis was kept general, anticipating that future a µ measurements might further increase or decrease the deviation (1). The relevant parameter space is characterized by light pseudoscalar Higgs with mass M A < 100 GeV and large Yukawa couplings to leptons. Among the usual 2HDM models with discrete symmetries this is only possible in the lepton-specific type X model. In the type X model, large lepton Yukawa couplings imply negligible quark Yukawa couplings to the A boson. We considered the more general flavour-aligned model, which contains type X as a special case but in which simultaneously significant Yukawa couplings to quarks are possible.
We first investigated the allowed values of the Yukawa coupling parameters ζ l and ζ u,d (which would be given by − tan β and 1/ tan β in the type X model). An extensive summary of the results is provided at the beginning of sec. 5.1. In short, the lepton Yukawa coupling |ζ l | can take values up to 40 . . . 100, depending on the values of all Higgs masses. For very light M A < 20 GeV, very severe limits from LEP data reduce the maximum |ζ l | and thus the maximum a µ . For large lepton Yukawa coupling, both quark Yukawa couplings ζ u,d can be O(0.5) at most because of B-physics data and LHC-Higgs searches. While ζ d has negligible influence on a µ , in particular the upper limit on the top Yukawa coupling ζ u is critical for a µ . Interestingly, for M A > M h /2 GeV, slightly larger values of ζ u are allowed thanks to an interplay between the triple Higgs couplings and the Yukawa coupling.
As an intermediate result and an update of the results of Ref. [30] on the full two-loop calculation of a µ in the 2HDM, we evaluated the maximum contributions a B µ from bosonic two-loop diagrams. Going beyond the type X model can also increase a B µ . The maximum is mainly determined by the maximum triple Higgs coupling, which is obtained if tan β |ζ l |. It reaches 3 × 10 −10 if ζ l is also maximized and if M A is around 100 GeV and the heavy Higgs masses M H , M H ± are not much higher. Figures 7,8,9 ,10 answer the questions how a µ depends on the 2HDM parameters, and what is the maximum a µ that can be obtained in the 2HDM. The overall maximum is above 45×10 −10 , and it can be obtained for M A ∼ 20
GeV. More generally contributions significantly above the current deviation (1) can be obtained for M A up to 40 GeV. Thanks to the large allowed top Yukawa coupling, the current deviation (1) can be explained at the 1σ level for M A up to 100 GeV. Even if the lepton Yukawa coupling is not maximized but fixed at only ζ l = −40, a 1σ explanation is possible up to M A = 40 GeV. The heavy Higgs masses M H and M H ± are not very critical; the maximum a µ is obtained if they are in the range 200. . . 300 GeV; for lower or higher masses the limits on the Yukawa couplings become stronger, and significantly higher masses are disfavoured by triviality constraints [22, 25] .
For the type X model, the maximum contributions are significantly smaller, only slightly above 25 × 10 −10 . A 1σ explanation of the current deviation is only possible in the small range of M A between 20 and 40 GeV, and even a potential future deviation of only 10 × 10 −10 can be explained only for M A < 80 GeV.
In view of these results it is of high interest to test this parameter space more fully at the LHC. In view of the significant couplings of the low-mass A boson to τ leptons and top quarks, it is promising to derive more stringent upper limits on these couplings, particularly on the product |ζ l ζ u |. Such more stringent limits will have immediate impact on the possible values of a µ in the 2HDM. At the same time, the future a µ measurements have a high potential to constrain the 2HDM parameter space. In particular the type X model might be excluded by a confirmation of a large a µ deviation, and in the more general model, lower limits on the top Yukawa coupling and upper limits on M A might be derived 5 .
